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Abstract

Non-Abelian gauge symmetries are cornerstones of modern theoretical physics, underlying fundamental interactions
and the geometric structure of quantum mechanics. However, their potential to control quantum coherence,
entanglement, and transport in engineered quantum systems remains to a large extent unexplored. In this work, we
propose utilizing non-Abelian Thouless pumping to realize one-dimensional discrete-time quantum walks on
topological lattices characterized by degenerate flat bands. Through carefully designed pumping cycles, we
implement different classes of holonomic coin and shift operators. This framework allows for the construction of
quantum walks that encode the topological and geometric properties of the underlying system. Remarkably, the
resulting evolution exhibits parity symmetry breaking and gives rise to a dynamical process governed by a Weyl-like
equation, highlighting the deep connection between parity and time-reversal symmetry breaking in quantum walks.

Introduction

Quantum walks (QWs) describe the quantum evolution
of a system on a graph' ™. As a fundamental concept in
quantum information science and quantum kinetics,
QWs have applications in network exploration, quantum
information processing, and even biochemical systems”~”.
They provide a natural framework for studying quantum
transport and diffusion, integrating concepts from graph
theory, Markov processes, and quantum mechanics®.
Originally introduced as the quantum counterparts of
classical random walks, QWs exploit quantum inter-
ference and entanglement to shape the final statistical
distribution and extend the walker’s path length. Their
computational universality>® makes them instrumental in
the development of quantum algorithms>®'°~'%, with
applications in quantum search'®'®, simulation®®, and
quantum communication’’.

QWs take place on graphs G = (V, £), where the ver-
tices V represent the sites the walker can visit, and the
edges &£ define the connections between the sites. While
space in QWs is discrete®, time can be either discrete or
continuous—yielding continuous-time>'® and discrete-
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time'® QWs. The state of the walker is described by its
position on the graph and a quantum coin variable, such
as spin or photon polarization. In Discrete-Time Quan-
tum Walks (DTQWs), the walker evolves through a
sequence of unitary maps, each consisting of a coin
operator R, which acts on the coin state, and a condi-
tional shift operator 7, which moves the walker
depending on the coin state. The Hadamard is a common
coin operator®, however, DTQWSs can be defined with
different parametric families of quantum coin operators
for better control and optimization'®?°.

By appropriate choice of the coin operation and
underlying graph topology, one can tailor the walk
dynamics to implement problem-specific symmetries,
introduce controlled disorder, or explore symmetry-
breaking phenomena. Suitably designed DTQWs can
simulate arbitrary quantum circuits, thereby achieving
computational universality’. This universality is condi-
tional in the sense that it depends on the specific con-
figuration of the walk. The underlying graph must be
appropriately engineered and the set of available coin
operators must be sufficiently rich to generate a universal
gate set. Under these constraints, the DTQWs formalism
provides a complete and physically implementable model
of quantum computation, equivalent in power to the
standard circuit model.

In this work, we propose a general approach to construct
DTQWs wusing non-Abelian holonomies. Holonomic
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transformations enable full control of the state of quantum
systems and allow for the generation of topologically
quantized transport on lattices*'. We show that these two
ingredients can be combined to engineer quantum walks
with tunable features and investigate their inherent relation
with non-Abelian Thouless pumping®* >,

Thouless pumping is a paradigmatic topological phe-
nomenon, yielding quantized transport in slowly and
cyclically modulated one-dimensional lattices®'. In the
presence of degenerate Bloch bands, Thouless pumping
acquires a non-Abelian character®?. In this case, the sys-
tem is initially prepared in a Wannier state belonging to a
degenerate band and undergoes a geometric evolution
dictated by the Wilczek-Zee connection®.

Here, we employ non-Abelian Thouless pumping to
generate discrete-time quantum walks. To keep the dis-
cussion simple, we illustrate our results on a Lieb chain
with two degenerate flat bands**~*°. However, our
approach can be extended in multiple directions—by
considering alternative internal degrees of freedom for
encoding the coin state, or by implementing lattices with
different topologies and dimensionalities.

We show that holonomic transformations allow the
realization of arbitrary unitary coin operations—going
beyond the standard Hadamard coin—and unidirectional,
conditional shift operators. We refer to this new class of
one-dimensional quantum walks as Thouless holonomic
Quantum Walks (ThQWs). The structure of ThQWs is
intrinsically linked to the topological and geometric
properties of the Hilbert space and can be engineered by
suitably designing the elementary pumping cycles.

We show that ThQW:s enable the selective breaking of
parity or time-reversal symmetry, allowing the engineer-
ing of distinct final quantum-correlated states. The parity-
breaking nature of ThQWs is further highlighted by
relating the dynamical equation governing the walk to the
Weyl equation. We focus on a possible implementation in
photonic waveguide arrays®>*’, where the propagation
coordinate z plays the role of time. However, our results
are general and can be extended to other platforms,
including cold atoms in optical lattices®® and super-
conducting nanocircuits®>.

Results

Discrete time quantum walks are discrete processes that
take place on a graph G consisting of vertices V and edges
& connecting them. Each vertex is associated with a set of
quantum coin variables 0. The wavefunction at time ¢ € 7
is written as [W(¢)) = > .> ,¥5(¢)|n, o), where n labels
the vertex v € V. A single time-step, advancing from ¢ to
t + 1 consists of two unitary operations: a coin operator R
that couples the coin states within each vertex of the
graph, and a conditional shift operator 7 that moves the
walker along the edges conditionally to its coin level o.
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Fig. 1 Inception of Thouless quantum walk. Essential elements
underlying the construction of Thouless quantum walk. In orange the
discrete time quantum walk, whose compositions of coin and shift
operators upon the level states induce quantum superposition that
allow to overcome the mean walker's path length beyond classical
random walks. In blue flat band lattices, whose destructive
interference grants the existence of degenerate orthogonal spatially
compact states associated to the non-dispersive bands which mimic
the coin levels of a quantum walk. In green non-Abelian Thouless
pumping, whose cycles grant both conditional transport and
geometrical unitary superposition of coin levels mimicking coin and

shift operators of a quantum walk

Although DTQWSs have been realized in various plat-
forms®>~3®, their experimental implementation still poses
significant technical challenges related to preserving dis-
creteness in both time and space.

In this work, we introduce ThQWs as a robust frame-
work to overcome these limitations, providing a scalable
and topologically protected approach to realizing DTQW's
in physical systems. Thouless quantum walks, or ThQWs,
emerge from the interplay of two key ingredients: degen-
erate flat bands and non-Abelian Thouless pumping’, as
illustrated in Fig. 1.

Flat-band lattices are translationally invariant tight-
binding networks in which one or more Bloch bands are
dispersionless—i.e., their energy remains constant and
independent of the wavevector k**~*°. These flat bands
arise from destructive interference, giving rise to eigen-
states that are strictly confined in space, known as com-
pactly localized states (CLS).

Thouless pumping, on the other hand, refers to the
quantized transport of particles driven by the adiabatic
and periodic modulation of a confining lattice poten-
tial*"**, In systems with degenerate Bloch bands, this
process gives rise to a non-Abelian gauge structure
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associated with local rotations within the degenerate
subspace™??,

As we show below, these two components allow for the
implementation of the basic building-blocks of DTQWs.
Specifically, the degenerate CLS replicate the coin levels
while non-Abelian pumping enables both quantized con-
ditional transport and rotations in the coin space, analogous
to the shift 7" and coin R operators. Interplay of flat bands
and adiabatic transport is particularly relevant in chiral flat
bands®, where bipartite symmetry ensures the presence of
multiple strictly flat bands at ko =0 independent of the
hopping strengths. In these systems, the hopping modula-
tion does not break the degeneracy, which is essential for
the non-Abelian pumping.

Let us discuss this mechanism in details upon the most
commonly studied DTQW:s, where the walker moves along
a line with site index # and has two coin levels 0=+ '®. In
this case, the shift and coin operators are:

T =) [In+8:)n @)+ + =)~ @ n+8-)(nl]

(1)

sin ) @)

cos 6

cos

R = zn:\n)(}d ® (

—sin@

where the integers §, denote the shifts of the states
|n,0) = |n) @ |o) while 6 describes the superposition
between the two coin levels.

Implementing 7 and R by means of non-Abelian
Thouless pumping requires: (i) considering a lattice with
d, = 2 degenerate flat bands and choosing two orthogonal
compact states, |p,,) and |g,,) localized within a unit cell #,
that play the role of coin states; and (ii) designing two
pumping cycles Cr and Cr of period Ay and A respec-
tively, which yield conditional shift and coin operators.
The composition C = Cr o Cx yields one cycle of duration
A=Ar +Ag.

The discrete nature of the resulting ThQWs is enforced
by the topology of the lattice and the geometric structure
of the pumping cycle. This process naturally generates a
quantized motion made of steps connecting one unit cell
to the next, each step taking one pumping period A.
Hence, the pumping period A represents the ThQWs time
unit. The state of the walker after ¢ steps with t € 7 is
described by the wavefunction [W(z)) =
S, [W2()lp,) + vi)lg,)] with z = z + Af, and
¥ (ze11)) = C[¥(z0))-

The geometric properties of ThQWs manifest in the
displacement matrix D, which—as discussed in the
Methods section and demonstrated in ref.”>—can be
linked to the non-Abelian field strength. This matrix D
characterizes the displacement undergone by an arbitrary
superposition of the two coin states. Importantly, the
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trace of the displacement matrix D yields the first Chern
number of the degenerate band, C; = Tr[D], which gov-
erns the displacement of the geometric center of the final
distribution via the relation n;, = %

We consider the implementation of ThQWs in a chain
with two degenerate flat bands*, reminiscent of the two-
dimensional Lieb lattice®®*°. The Hamiltonian features
four sites per unit cell indicated respectively as 4, b, ¢ and
d in Fig. 2a and it reads

H = Z(]blalbn +]b2¢1,bn71 +]cajlcn +]dﬂi,dn + HC) (3)

where x| and x,, denote the creation and the annihilation
operators on sites x=a, b, ¢, d of the cell n. For any
choice of the hopping parameters, the spectrum consists
of two non-dispersive modes with longitudinal momen-
tum ko =0 and two dispersive modes with longitudinal

momenta k. (k) = + A(k) with A(k) = \/J> +J% + [J(k)|?

and J, =/, + ]h2eik. The chiral symmetry of the lattice®
implies that the Bloch states corresponding to ko can be
written as

— Jeld)—Jalex)
|¢1> P (4)
Iy — =P |b)HyUclex)+ aldk))
2/ — pA(k)

with p =4/ ]f—f— ]fl. Let us assume that the system is
initially prepared in a Wannier state |¥(zq)) =

Zk,e(xdd)[(k))eik”. An adiabatic pumping cycle C acting
on [W¥(zp)) then yields the state

[¥(21)) = Y ae[Wel21,20)] ol (k. 20) )™ (5)

ktm

where We¢(z1,20) = P exp [i S 2 [,dz| indicates the hol-
onomy transformation associated with the Wilczek-Zee
connection  [I'],, = (¢,(k,2)]id;|¢,,(k,z)). Here P
denotes the path ordering, while the indexes m, £ =1, 2
enumerate the basis states of the degenerate subspace and
k runs over the reciprocal space vectors — see the
Methods section for details.

To engineer the ThQWs we initialize the lattice setting
J.=Js =J,n=0 and J,, =J. The Wannier states
belonging to the non-dispersive modes in Eq. (4) can be
then cast as

o cn) — |dn) - |cn) + |dn)

shown in Fig. 2b. These states act as the two coin levels.
Following ref.**, and as discussed in more detail in the
Supplementary material, the pumping cycles implement-
ing conditional shift and coin operators on these states
can be straightforwardly designed. As shown in Fig. 2c,

Light Sci Appl | 2026 | Vol 15 | Issue 8 | 2737 LSA



Danieli et al. Light: Science & Applications (2026)15:244 Page 4 of 10

Displacement  Field’s intensity Field’s intensity Displacement

+1 1q,)
n 2, 08 0.8 z,

z, Z2
Z4

Z4

Zy Zy

cell

40

30

S ’.'
20 g N-AM

10

Fig. 2 Photonic implementation of a sample uni-directional Thouless quantum walk. a Flat band lattice profile with the unit cell colored in
gray. b Orthogonal symmetric |p,) and antisymmetric |g,,) states with non-zero amplitudes colored in dark blue. € Pumping cycles C+* (red) and C;°
(green) in the parameter space. The blue circles indicate the initial point. d Same as (c) for pumping cycles CR(g) (red) and CR(%) (green).

e lllustration of three unit cells of the pumped lattice implementing a time-unit formed by a coin Cx (%) and a shift C~. f Same as (e) with coin Cz (%)
followed by a shift C;*. g Three steps propagation of the ThQWs generated by a step C;~Cr(2) from a single-cell excitation [¥(zo)) =

% |po) + % |Go)- In both cycles Cr in (€) and Cx in (d) we set AJ = 200. The green lines indicate the time-steps z, while the blue ones separate the
coin for the shift. The right panel shows the field’s intensity, while the left panel shows the trace of the displacement matrix D (red) and the center of
mass (blue). h Same as (g) for a ThRQWs generated by a step C+"Cr (2). i Variance o” for Cz~Cr(2) (orange) and C' Cr () (blue) from [¥(zo)) =
\/%\D(Q +%|qo>) The squares and circles indicate the o at integer multiples of A. The dashed black line guides the eye, indicating o* = t*

\. J

the conditional shift operator cycles, denoted as Cgf, are
represented by spherical triangles on the hyperplane
J.=sJ; with s=41, having anti-clockwise ({=+ 1) or
clockwise (€= — 1) orientation. In contrast, the coin
operator cycle Cr, shown in Fig. 2d, lies on the plane
{Jp2 = T, Jp1 = 0}. The corresponding holonomic trans-
formations in k-space are

_ ei@(sinkaercoskoy)

Wer (7)

ik (g0 —
WC‘ETS _ 6152(00 502)
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with o; and 0y denoting the Pauli matrices and the
identity. The above equations show that ThQW's have two
important features: (i) they yield conditional shifts
determined by the topology of the driven bands; and (ii)
they offer the possibility to control the shift’s direction by
controlling the orientation of the pumping cycles, related
to the index & Moreover, in the specific example
discussed here, they allow us to select which of the coin
states, |p,,) or |g,), moves by changing the relative phase
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of J. and J,. Specifically, they implement the following
operators:

C§-+ : Z[|Pn+§><pn| + ‘qn><qn” (8)

n

e 3 el + e (] )

n

which respectively result in right- and left- oriented uni-
directional conditional shift operators. On the other hand,
the cycle Cr yields zero net displacement while perform-
ing a rotation by an angle 6 which is dependent on its
precise shape®”. The angle 6 induces the superposition
between the two flat bands. For example, the cycle in
Fig. 2d corresponds to 6 =% or 6 = 7/6. In this case,
reversing the orientation of the pumping cycles reverses
the rotation. Composing the cycles Cgf and Cr enables the
realization of directional ThQWs with chirality y = &s.

To demonstrate this, in Fig. 2e—h we show two exam-
ples of ThQWs corresponding, respectively, to C =
C; Cr with 0=m/6 (Fig. 2e, g) and C = C;"Cr with
0 = /4 (Fig. 2f, h). In Fig. 2e, f we show the schematic of
three unit cells of the pumped lattice Eq. (3) where the
blue lines mark the change between coin Cx and shift Cgf
and the green line mark the time-steps z,. In Fig. 2g, h we
display the field intensity along the waveguides for a single
unit cell initial condition of the form [W(zo)) = \/% |po) +
% |g0)- In our simulations, we set AJ = 200, compatible
with the parameters choices done in photonics imple-
mentations***' — see Methods for details. As one can see,
ThQWs enable a remarkable control on field’s propaga-
tion. The left and right panels of Fig. 2g, h display the
displacement of the center of mass of the distribution
(blue curve) and the trace of the displacement matrix D
(red curve). As expected, only the latter is perfectly
quantized, as it is directly related to the first Chern
number — see Methods for details.

The variance ¢* of a discrete time quantum walk dis-
tribution is a key indicator of its spreading behavior
compared to a classical random walk. Crucially, while the
variance of a classical random walk grows linearly o* ~ ¢t
with the number of steps £, a quantum walk exhibits
quadratic growth®?, o ~ £, Fig. 2i illustrates this ballistic
spreading, showing the variance o for two different
ThQWs: one defined by the time-step C; Cr (%) (orange)
and another by C;"Cr (%) (blue), analogous to Fig. 2e, f.
Both ThQWs start from a symmetric single-cell excitation
[¥(z0)) = \/Li |po) + \/% |90)) and evolve for ten time-steps.
The solid curves indicate the variance ¢® during the
evolution, while squares and circles indicate the value of
o” at the multiples of 1. As shown, the coin parameter 6
significantly influences the walk’s dynamics by modulat-
ing the effective spreading rate*”. Indeed, the variance
follows o” ~ ft* where the prefactor f depends on the coin
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angle 0 as well as on the initial state. By tuning 6, one can
tailor the quantum walk for the desired variance—a
property that can be exploited to enhance the efficiency of
quantum search and sampling algorithms. In ThQWs,
this tuning can be done by properly designing the
pumping cycle Cr that implements the coin operator.

To illustrate the parity-broken nature of ThQWs, we
analyze the dynamic structure of the quantum walk
equations in the continuous time limit, as described in
ref.**. By doing so, for the quantum walk generated by the
cycles C5Cr (), we obtain

_ 00+50, . ioy+50,
;¥ = —€ [cos 0757 + sin 0 —5— }8,,‘1’—}— (10)
+[(cos @ — 1) + isinf g, | ¥

with W = (y2(t),y4(t))" - see Supplementary material
for details. For £ =+ 1 the above equation accounts for a
right-moving(+) or left-moving(-) ThQWs. In the limit
6 =0, for each value of £ Eq. (10) describes a right-handed
(x=+ 1) and a left-handed (y=—1) Weyl particle.
Equivalently, the two Floquet quasi-energies E**, see
Supplementary material, associated with the processes
CrCH" and CxrC;  produce two anisotropic Floquet
bands whose structure depends on the angle 6, as shown
in Fig. 3a, b. For =0, the system exhibits a flat Floquet
band E =0 and a linearly dispersive Floquet band E = &k
which are respectively associated with |g,,) and |p,) in the
cycle CrCS" and the reverse for the cycle CxC; . For
0 = 0, the states |p,) and |g,,) become coupled, yet the left-
right directionality is preserved. Linear Floquet band
dispersion E = g(kin) is restored for 8 =/2 and the
two states move in unison with half the group velocity of a
0 =0 single state.

By composing ThQWs with different parities, more
complex patterns can be generated. For instance, the
pattern in Fig. 3c is produced through a two-stage pro-
cedure in which the ThQWs are combined with their
counterparts obtained via the time-reversal operator and a
chirality-preserving spin-inversion operator. In the first
stage, the cycles CrC; (for n>0) and CrC5~ (for n<0)
are performed, with an appropriate overlap at n =0 to
ensure smooth connectivity. In the second stage, which
begins after 100 steps, time-reversal symmetry is applied,
and the roles of |p,) and |g,) are exchanged while pre-
serving the chirality y of the time-reversed walks. This
therefore involves combining ThQWs generated by the
cycles C(0)C+t and Cr(0)C7~ with those generated by
C3 Cr(—0) and C;*Cgr(—0), respectively. The whole
process maps the initial state (|py) + |g,))/v/2 onto the
state (|g_;/2) + Pe/2))/ V/2 therefore generating quantum
correlations between spin and position coordinates. Also
in this case, the displacement of the middle point of the
two distributions is governed by topology.
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Fig. 3 Parity breaking in Thouless quantum walk. Floquet quasi-
energies for the quantum walks CrC5* (a) and CrC;~ (b) for
different values of the coin angle 6 € [0, 71/2]. ¢ Example of
propagation along composite cycles starting from a symmetric single-
cell excitation [W(zo)) = (|po) + |do))//2. The pattern is generated
by means of a two stage procedure. In the first stage we perform the
CrCH for n=0 and CrC7~ for n< 0 and suitably overlapping the
two cycles for n=0. In the second stage which start at t = 1001, we
apply time-reversal symmetry and we exchange |p,) and |g,) while
keeping the chirality x of the walks
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The high degree of control offered by ThQW3s enables the
realization of different classes of quantum walks. For
example, varying 6 periodically in the cycle Cr at every step
z, yields Floquet quantum walks*®, while varying 6 with
spatially modulates ThQWs, yielding topologically nontrivial
states — e.g. by designing a split-step advancement operator
C=C; Cr(6(n))Cs"Cr(6(n)) as discussed in ref.*.

The pumping cycles Cgf in Eq. (7) can be used to gen-
erate. ThQWs with restored parity symmetry. For
instance, composing cycles CET+ and C{{ for € = —¢ yields
the shift operators

= C ol Y [IPase) Bl + g lal] (1)

n

In Fig. 4a we show three unit cells of pumped lattice
waveguides, where this shift is composed with a coin Cx
with 6 = 71/4. Fig. 4b then shows the field intensity along
the waveguides resulting from a single-cell excitation with
[W(z0)) = % lpo) + % |g0)- The transitions from the coin
operator Cr to the shift operator Cr are marked by the
blue lines, while the time-units z; and z, are marked by
the green lines.

The freedom to combine and engineer different pumping
cycles offers the possibility to probe the underlying non-
Abelian gauge structure. Due to the non-Abelian multiband
nature of the adiabatic evolution, the final probability dis-
tribution generated by the quantum walk depends on the
order in which the shift and rotation cycles — denoted as Cr
and Cr — are applied. In the asymptotic limit of many steps,

o

Cell

z

Fig. 4 Photonic implementation of bi-directional Thouless quantum walk. a lllustration of three unit cells of the lattice pumped by cycle Cx
with 6 =r71/4 (marked by blue lines), cycle C5 (marked by cyan lines) and cycle C7~ (marked by green lines). b Two steps propagation of the walk
from a single-cell excitation. The green lines indicate the time-units z;, while the blue ones separate the coin C¢ and shift C? ¢ Schematic illustrations
of the two-lobes curve in the parameter space representing a two-cycle walk Wy, (A - B). The red and green lobes represent cycle A and B. d Three
lobes curve representing the three-cycle walk Wiy (A - B - C). The red, green and blue lobes represent cycle A, B and C respectively. The two zooms
schematically indicate the cycle order A — B — C (blue) and A - C — B (magenta) around the junction point of the three cycles

N
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swapping the order of these cycles effectively corresponds to
initiating the walk from a different quantum state, which can
significantly alter the resulting distribution.

More striking signatures of the geometric and topological
character of ThQWs emerge when unit steps are composed
of at least three non-commuting pumping cycles. In such
cases, only cyclic permutations of the cycle sequence yield
quantum walks that are asymptotically equivalent — up to a
change in the initial state—while other permutations result
in fundamentally distinct quantum walks. This behavior is
illustrated in Fig. 4c, d. For a generic two-cycle quantum
walk W(A - B), the trajectory traces M times a two-lobe
curve in the parameter space shown in Fig. 4c whose
topology remains invariant under permutation of A and B.
In contrast, for a three-cycle quantum walk Wy(A - B - C),
the trajectory forms a three-lobe curve in the parameter
space. Changing the cycle order leads to inequivalent walks,
each generating qualitatively different dynamical behavior
—see Supplementary material for more details. In Fig. 4d
the two possible orders are shown in the two zooms around
the intersection point - namely, A — B — C (blue left zoom)
and A - C — B (magenta right zoom).

Considering one-dimensional lattices with d,>3
degenerate flat bands may allow for the implementation of
ThQW:s with three or more coin levels. One way could be
extend the tripod uni-cell shown in Fig. 2a to a M-pod
unit cell and build a lattice that respects the bipartite
symmetry>’. This symmetry relation guarantees M — 2
flat bands at xo=0 energy. This implementation of
ThQW:s through chiral flat band lattices is not restricted
to DTQWs on a line, but could be exploited to design
ThQWs on general graphs.

Discussion

Non-Abelian holonomies and geometric phases have
emerged as powerful tools in theoretical physics, parti-
cularly within gauge theories, topological phases of
matter, and quantum computation. In this work, we
show that non-Abelian Thouless pumping provides a
framework for realizing quantum walks with coin and
shift operators defined through non-Abelian holo-
nomies. Specifically, we demonstrate that in a lattice
with multiple degenerate flat bands, Thouless pumping
enables the implementation of holonomic quantum gates
that act on the spatial degrees of freedom of a quantum
particle and entangle them with its internal coin states.
The topological origin of the pumping ensures quantized
transport and can be naturally related to a class of dis-
crete time quantum walks that we called Thouless
Quantum Walks, or ThQWs.

ThQW:s allow for a high-degree of control and tunability.
Specifically, we show that they can be engineered to
selectively break parity or time-reversal symmetry yielding
a directionally chiral evolution that is effectively described

@
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by Weyl-like equations in the continuum limit—mirroring
relativistic dynamics but in a lattice-based, topologically
protected framework. The topological and geometric nat-
ure of Thouless pumping endows ThQW s with robustness
against certain kinds of noise and dynamical perturbations,
a highly desirable property for quantum technologies
see Methods. Moreover, we reveal that the combination of
parity and time-reversal symmetry breaking allows for the
emergence of well-defined quantum correlations in the
long-time limit. This feature can be used to control
entanglement patterns and engineer specific correlation
structures, potentially useful for quantum communication
protocols or quantum simulations.

Our approach not only opens a novel direction for the
application of non-Abelian holonomies in dynamic
quantum systems but also lays the groundwork for
extending these ideas beyond the one-dimensional case
studied here. Future generalizations may include higher-
dimensional quantum walks, which could underlie lat-
tices with higher Chern numbers, or systems with larger
internal (coin) spaces, thus enabling more complex
forms of quantum information encoding and
manipulation.

Methods
Geometric properties of ThQWs

The displacement generated in a quantum walk for the
system initially prepared in an arbitrary superposition of
two CLSs centered on site n belonging to the level «, is
given by

Ax = Z a,,aD;, (12)
ml
where the coefficients a, define the initial state
(o)) = 3 arld (k) e 3
Kt

This Wannier state is defined for the normalized Bloch
states |¢,(k)). In this sum, the coefficients a, define the
superposition of the Bloch states of the E =0 degenerate
subspace for the index €=1, 2, while k runs over the
reciprocal space. After an adiabatic pumping cycle C, the
state [W(zp)) in Eq. (13) turns to

[¥(20)) = Y aelWezr, 20)]ld(k, 20))e™

ktm (14)

where We(z1,20) = P exp {i [% Tgdz| indicates the hol-
onomy transformation associated with the Wilczek-Zee
connection [[;],, = (¢,(k,2)|io;|¢,,(k,z)). Here P
denotes the path ordering, while the indexes m, £ = 1, 2
enumerate the degenerate basis states. The displacement
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matrix D is a square matrix which can be written as

P

' dz / ’i dk[WiFLwe]

with  Fy, = k[, — 9, + i[[,,Tx] denoting the non-
Abelian field strength matrix. The above expression
directly shows the geometric and topological properties
of the displacement generated in quantum walks and
relates the properties of the walk to the Wilczek-Zee™
connection along z and k defined as

[Celgn = {e(k, 2)[i0z| b (K, 2)) (16)

and

Celon = (be(k, 2) ik, (K, 2) (17)
Using Eq. (16) one can explicitly calculate the holonomies
generated in the pumping cycles C7 and Cg.

Specifically, denoting as W« the holonomy corre-
sponding to the cycle Cf;s on the hyperplane ], = s/,; with
s = = with anti-clockwise (£ = + 1) or clockwise (= —1)
orientation shown in Fig. 2(c), we can write

i¢k(1—s)
_ if0o—s0,) _ e’ 0
Wes = em27 7 = ( 0 i5(1+s) (18)

In contrast, the holonomy associated to the cycle Cx
defined on the plane {/,, =/, J;; = 0} and shown in Fig. 2d

1S

e cos 6
WC‘R — ez&(smkﬂ,ﬂrcoskﬂy) — <

ik o
e sm«9> (19)

—e*sin®  cosO

where the angle 6 can be expressed by the integral along
the path Cr as

0= / (]caz]d _]dazjc) sin k (20)
Cr

A% (k)

Implementation of ThQWs in photonic waveguides and
integrated photonics

The implementation of ThQW3s poses several technical
challenges, associated with the realization of a large
number of non-Abelian holonomic transformations. So
far, most experimental work has focused on imple-
mentations based on laser-written glass structures such as
those realized in ref.*® and on silicon photonics imple-
mentations®'. In realistic experiments based on femtose-
cond laser-written glass structures, the waveguides
typically have dimensions on the order of 5-10 ym, with
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separations ranging from 10 to 20 pm. Typical effective
refractive indices and operating wavelengths in vacuum
are n,=1.5 and 1yp=0.8 um, respectively. These values
lead to an effective optical potential per waveguide of
approximately Vo~ 1meV and a field decay length of a
few micrometers. The corresponding coupling constants
in this regime are typically on the order of J~ 10> um™".
To satisty the adiabatic condition, the modulation wave-
length A must fulfill A/>> 1. For instance, setting A =2 cm
gives AJ ~ 20, which allows approximately 10 modulation
cycles within waveguides of length 20 cm. This length is
realistic and permits the neglect of loss effects. Reducing
the losses or finding strategies to perform non-adiabatic
holonomic gates would significantly enhance the max-
imum number of steps. A comprehensive discussion of
non-Abelian holonomic effects, derived from coupled-
mode theory in photonic waveguide lattices, can be found
in refs.*’ >,

Robustness of ThQWs

In practical implementations various imperfections and
non-idealities can affect the performance of ThQWs.
Deviations from the ideal pumping cycle — such as
incomplete loops or distorted parameter trajectories —
may, in general, reduce the fidelity of holonomic gates.
However, their impact on the shift and rotation cycles is
qualitatively different. The topological protection inherent
in Thouless pumping ensures that such imperfections
introduce only exponentially suppressed corrections to
the shift cycle Cr, as long as the energy gap protecting the
degenerate subspace remains open throughout the evo-
lution. In contrast, the rotation cycle Cr is only geome-
trically protected and is therefore more sensitive to
imperfections. As a result, we expect that deviations from
ideal pumping cycles lead to small step-to-step fluctua-
tions in the rotation angle 6. The effect of this kind of
dynamical disorder has been discussed e.g. in refs.>>>*,
and it critically depends on the disorder strength. Clearly,
a strong lattice disorder breaks translational symmetry
and can induce localization, potentially hindering
quantum walks.

Imperfect control on the Hamiltonian parameters may
affect the degeneracy or the flatness of the energy bands
involved in the QW. These effects introduce dynamical
phase errors and wavepacket dispersion, which in turn
degrades holonomic precision and coherence. To a cer-
tain extent, as discussed in refs."***!, these effects can be
controlled by appropriately choosing the duration of the
cycle in such a way that the pumping process does not
resolve the small energy splitting introduced by weak
control of the Hamiltonian parameters. Loss mechanisms
such as photon decay or dephasing introduce non-uni-
tarity, reduce the visibility of topological transport and
essentially limit the number of steps in quantum walks,

LSA



Danieli et al. Light: Science & Applications (2026)15:244

which creates a trade-off with the adiabaticity condition.
Furthermore, non-adiabatic effects arising from rapid
parameter modulation lead to interband transitions and
incomplete holonomies, undermining both the quantiza-
tion of transport and the desired entanglement patterns.
Despite these challenges, the topological nature of
Thouless pumping and the geometric robustness of
holonomies offer resilience to moderate imperfections.
Nevertheless, achieving high-fidelity control in THQW' s
requires careful mitigation of non-idealities through
optimized cycle design, flat-band engineering, and
coherence-preserving platforms, as shown in the Table
below.

Non-ideality Effect Model and correction

strategy

Cycle fabrication « Deviation from flat band  Identification and

inaccuracies condition optimization of robust

« Imperfect or non- cycles

adiabatic cycles

Refractive index « Transitions between Accurate cycle design to

inhomogeneity, eigenstates reduce the impact of
disorder « Reduced Cx fidelity disorder
Imperfect - Dispersive propagation Optimization of the initial

preparation of the  « Apparent gate infidelity  state

initial state

Photon losses,
wavelegth and
inter-waveguide
crosstalk

+ Reduced signal intensity
and coherence

« Limit on ThQWs number
of steps

+ Unintended mode

« Optimal control to design

non-adiabatic holonomic
gates

+ Modeling using dissipative

methods

mixing

Acknowledgements

The Authors acknowledge fruitful discussions with A. Coppo and A. Petri. This
work was co-funded by European Union - PON Ricerca e Innovazione 2014-
2020 FESR /FSC - Project ARSO1_00734 QUANCOM, Project PNRR MUR
PE_0000023-NQSTI and PNRR MUR project CN 00000013-ICSC.

Author details

YInstitute for Complex Systems, National Research Council (ISC-CNR), Via dei

Taurini 19, Rome 00185, ltaly. “Department of Physics, University of Sapienza,
Piazzale Aldo Moro 5, Rome 00185, ltaly. *Research Center Enrico Fermi, Via

Panisperna 89a, Rome 00184, Italy

Data availability
The data provided in the manuscript are available upon request.

Conflict of interest
The authors declare no competing interests.

Supplementary information The online version contains supplementary
material available at https:.//doi.org/10.1038/541377-025-02140-1.

Received: 31 March 2025 Revised: 30 October 2025 Accepted: 16
November 2025

Published online: 20 May 2026

Page 9 of 10

References

1. Aharonov, Y, Davidovich, L. & Zagury, N. Quantum random walks. Phys. Rev. A
48, 1687-1690 (1993).

2. Childs, A. M. Universal computation by quantum walk. Phys. Rev. Lett. 102,
180501 (2009).

3. Kempe, J. Quantum random walks: an introductory overview. Contemp. Phys.
44, 307-327 (2003).

4. Aharonov, D, Ambainis, A, Kempe, J. & Vazirani, U. Quantum walks on graphs.
Preprint at https//doi.org/1048550/arXiv.quant-ph/0012090 (2002).

5. Childs, A. M. & Goldstone, J. Spatial search by quantum walk. Phys. Rev. A 70,
022314 (2004).

6. Berry, S. D. & Wang, J. B. Two-particle quantum walks: entanglement and
graph isomorphism testing. Phys. Rev. A 83, 042317 (2011).

7. Sanchez-Burillo, E, Duch, J, Gdmez-Gardefies, J. & Zueco, D. Quantum navi-
gation and ranking in complex networks. Sci. Rep. 2, 605 (2012).

8. Qiang, X, Ma, S. & Song, H. Quantum walk computing: theory, implementa-
tion, and application. Intell. Comput. 3, 0097 (2024).

9. Lovett, N. B, Cooper, S, Everitt, M, Trevers, M. & Kendon, V. Universal quantum
computation using the discrete-time quantum walk. Phys. Rev. A 81, 042330
(2010).

10.  Farhi, E. & Gutmann, S. Quantum computation and decision trees. Phys. Rev. A
58, 915-928 (1998).

11, Szegedy, M. Spectra of quantized walks and a v/&e rule (2004).

12. Grover, L. K A fast quantum mechanical algorithm for database search. In
Symposium on the Theory of Computing https//apisemanticscholar.org/
CorpuslD:207198067 (1996).

13. Brassard, G, Hoyer, P, Mosca, M. & Tapp, A. Quantum amplitude amplification
and estimation, 53-74  https//app.dimensions.ai/details/publication/pub.
1089200367 (2002).

14. Shenvi, N, Kempe, J. & Whaley, K B. Quantum random-walk search algorithm.
Phys. Rev. A 67, 052307 (2003).

15. Berry, S. D. & Wang, J. B. Quantum-walk-based search and centrality. Phys. Rev.
A 82, 042333 (2010).

16.  Sansoni, L. et al. Two-particle bosonic-fermionic quantum walk via integrated
photonics. Phys. Rev. Lett. 108, 010502 (2012).

17. Srikara, S. & Chandrashekar, C. M. Quantum direct communication protocols
using discrete-time quantum walk. Quantum Inf. Process. 19, 295 (2020).

18. Nayak, A. & Vishwanath, A. Quantum walk on the line. Preprint at https.//arxiv.
org/abs/quant-ph/0010117 (2000).

19.  Tregenna, B, Flanagan, W, Maile, R. & Kendon, V. Controlling discrete quantum
walks: coins and initial states. N. J. Phys. 5, 83 (2003).

20. Chandrashekar, C. M, Srikanth, R. & Laflamme, R. Optimizing the discrete time
quantum walk using a su(2) coin. Phys. Rev. A 77, 032326 (2008).

21. Thouless, D. J. Quantization of particle transport. Phys. Rev. B 27, 6083-6087
(1983).

22. Brosco, V, Pilozz, L, Fazio, R. & Conti, C. Non-abelian thouless pumping in a
photonic lattice. Phys. Rev. A 103, 063518 (2021).

23.  Pilozzi, L. & Brosco, V. Thouless pumping of light with a twist. Nat. Phys. 18,
968-969 (2022).

24, Citro, R. & Aidelsburger, M. Thouless pumping and topology. Nat. Rev. Phys. 5,
87-101 (2023).

25. Wilczek, F. & Zee, A. Appearance of gauge structure in simple dynamical
systems. Phys. Rev. Lett. 52, 2111-2114 (1984).

26. Leykam, D, Andreanov, A. & Flach, S. Artificial flat band systems: from lattice
models to experiments. Adv. Phys. X 3, 1473052 (2018).

27.  Leykam, D. & Flach, S. Perspective: photonic flatbands. APL Photonics 3, 070901
(2018).

28. Poblete, R A. V. Photonic flat band dynamics. Adv. Phys.: X 6, 1878057 (2021).

29.  Danieli, C, Andreanov, A, Leykam, D. & Flach, S. Flat band fine-tuning and its
photonic applications. Nanophotonics 13, 3925-3944 (2024).

30. Sun, Y-K et al. Non-abelian thouless pumping in photonic waveguides. Nat.
Phys. 18, 10801085 (2022).

31, Danieli, C, Brosco, V, Pilozz, L. & Citro, R. Non-abelian thouless pumping in a
Rice-Mele ladder. AVS Quantum Sci. 7, 022001 (2025).

32. Brosco, V, Fazio, R, Hekking, F. W. J. & Joye, A. Non-abelian superconducting
pumps. Phys. Rev. Lett. 100, 027002 (2008).

33. Ryan, C. A, Laforest, M, Boileau, J. C. & Laflamme, R. Experimental imple-
mentation of a discrete-time quantum random walk on an nmr quantum-
information processor. Phys. Rev. A 72, 062317 (2005).

34. Giordani, T. et al. Experimental engineering of arbitrary qudit states with
discrete-time quantum walks. Phys. Rev. Lett. 122, 020503 (2019).

Light Sci Appl | 2026 | Vol 15 | Issue 8 | 2743 LSA



Danieli et al. Light: Science & Applications (2026)15:244

35.
36.
37.
38.
39.
40.
41.
42.

43.

Zhu, G, Xiao, L, Huo, B. & Xue, P. Photonic discrete-time quantum walks
(invited). Chin. Opt. Lett. 18, 052701 (2020).

Gong, M. et al. Quantum walks on a programmable two-dimensional 62-qubit
superconducting processor. Science 372, 948-952 (2021).

Flurin, E. et al. Observing topological invariants using quantum walks in
superconducting circuits. Phys. Rev. X 7, 031023 (2017).

Xu, X-Y. et al. Measuring the winding number in a large-scale chiral quantum
walk. Phys. Rev. Lett. 120, 260501 (2018).

Ramachandran, A, Andreanov, A. & Flach, S. Chiral flat bands: Existence,
engineering, and stability. Phys. Rev. B 96, 161104(R) (2017).

Yan, W, Zhang, B. & Chen, F. Photonic topological insulators in femtosecond
laser direct-written waveguides. npj Nanophoton. 1, 40 (2024).

Chen, Y. et al. High-dimensional non-abelian holonomy in integrated pho-
tonics. Nat. Commun. 16, 3650 (2025).

Tang, H. et al. Experimental two-dimensional quantum walk on a photonic
chip. Sci. Adv. 4, eaat3174 (2018).

Chandrashekar, C. M., Banerjee, S. & Srikanth, R. Relationship between
quantum walks and relativistic quantum mechanics. Phys. Rev. A 81,
062340 (2010).

Kitagawa, T., Berg, E., Rudner, M. & Demler, E. Topological character-
ization of periodically driven quantum systems. Phys. Rev. B 82, 235114
(2010).

2744 | Light Sci Appl | 2026 | Vol 15 | Issue 8

45.

46.

47.
48.

49.

50.

51,

52.

53.

54.

Page 10 of 10

Katayama, H, Hatakenaka, N. & Fuiii, T. Floquet-engineered quantum walks. Sci.
Rep. 10, 17544 (2020).

Kitagawa, T, Rudner, M. S, Berg, E. & Demler, E. Exploring topological phases
with quantum walks. Phys. Rev. A 82, 033429 (2010).

Snyder, A. W. & Love, J. D. Optical waveguide theory (Berlin, Springer, 1983).
Snyder, A. W. Coupled-mode theory for optical fibers. J. Opt. Soc. Am. 62,
1267-1277 (1972).

Marcuse, D. Coupled mode theory of round optical fibers. Bell Syst. Tech. J. 52,
817-842 (1973).

Yariv, A. Coupled-mode theory for guided-wave optics. IEEE J. Quantum
Electron. 9, 919-933 (2003).

Rodriguez-Lara, B. M., Soto-Eguibar, F. & Christodoulides, D. N. Quan-
tum optics as a tool for photonic lattice design. Phys. Scr. 90, 068014
(2015).

Pinske, J. & Scheel, S. Symmetry-protected non-abelian geometric phases in
optical waveguides with nonorthogonal modes. Phys. Rev. A 105, 013507
(2022).

Panahiyan, S. & Fritzsche, S. Controlling quantum random walk with a step-
dependent coin. N. J. Phys. 20, 083028 (2018).

Mastandrea, C. & Chien, C-C. Localization of quantum walks with classical
randomness: Comparison between manual methods and supervised machine
learning. Phys. Rev. £ 108, 035308 (2023).

LSA



